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ODD-DIMENSIONAL ORBIFOLDS WITH ALL GEODESICS CLOSED
ARE COVERED BY MANIFOLDS
MANUEL AMANN, CHRISTIAN LANGE, AND MARCO RADESCHI
Abstract. Manifolds all of whose geodesics are closed have been studied a lot, but
there are only few examples known. The situation is different if one allows in addition
for orbifold singularities. We show, nevertheless, that the abundance of new examples
is restricted to even dimensions. As one key ingredient we provide a characterization
of orientable manifolds among orientable orbifolds in terms of characteristic classes.
1. Introduction
It is an essential question in Riemannian geometry to understand the behaviour of
closed geodesics and to relate it to properties of the ambient space.
A vast literature has been devoted to studying the existence, and number of closed
geodesics in compact Riemannian manifolds. Often results in this respect, or their proofs,
depend on the topology of the space. Striking examples are that every metric on a
closed manifold has at least one closed geodesic due to Lyusternik–Fet [26], and that,
by the combined works of Gromoll–Meyer [17] and Sullivan–Vigué-Poirrier [40], every
closed Riemannian manifold admits infinitely many closed geodesics as long as its rational
cohomology is not generated by one element.
Another, somewhat opposite direction of research, has been to understand the Rie-
mannian manifolds all of whose geodesics are closed [3], here called Besse manifolds. The
compact rank one symmetric spaces (CROSSes) Sn, CPn, HPn, CaP2 are the canoni-
cal examples. These are in fact the only simply connected spaces known to support a
Besse metric. Moreover, by the collective work of Bott, Samelson and McCleary, their
cohomology rings are the only ones that can show up in the simply connected setting
[7, 36, 28]:
Theorem 1.1 (Bott–Samelson–McCleary). Given M a Besse manifold, its universal
cover M˜ is also Besse and
H∗(M˜ ;Z) ∼= H∗(X;Z)
with X a CROSS as above.
In particular, if n := dim M˜ is odd, then M˜ is homeomorphic to Sn (using the Poincaré
Conjecture).
Apart from this result, very little is known: for example, it is not known if exotic
spheres admit Besse metrics. Furthermore, except a couple of constructions giving rise
to infinite families of Besse metrics on spheres, no other Besse metrics are known. In
particular, it is not known if there are non-canonical Besse metrics on the projective
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spaces. As a matter of fact, Lin–Schmidt proved that the only Besse metric on a real
projective space of dimension at least 4 is the round one [25].
The study of closed geodesics can be extended to the Riemannian orbifold setting (cf.
Section 2.1). In particular, it makes sense to search for closed geodesics on Riemannian
orbifolds [6, 19, 12] and to investigate Besse orbifolds, that is, Riemannian orbifolds all
of whose geodesics are closed [18, 23]. Allowing for orbifold singularities gives rise to
interesting new phenomena and questions. For instance, while Guruprasad and Haefliger
proved the GM–SVP result for Riemannian orbifolds and the Lyusternik-Fet result for
non-developable orbifolds [19], it is in general not known if every closed Riemannian
orbifold has a closed geodesic. Moreover, it provides a much wider class of examples: one
immediately gets infinitely many examples of Besse orbifolds in every even dimension,
given by weighted projective spaces (see Section 2.1) with interesting properties; e.g.
their geodesic length spectra are much more complicated than in the manifold case [18].
With this in mind, it may come as a surprise that in odd dimensions even the orbifold
setting is very rigid, i.e. not richer than the manifold category, which is exactly expressed
by our main result.
Theorem A. Any odd-dimensional Besse orbifold is of the form (M,g)/Γ for some
Riemannian manifold M homeomorphic to a sphere, a Besse metric g, and some finite
group Γ of isometries of (M,g). Moreover, if n 6= 3 and Γ contains a fixed-point-free
involution, then (M,g) is isometric to a round sphere and Γ ⊂ O(n+ 1).
Notice that this theorem, in particular, extends Theorem 1.1 for orbifolds in the odd
dimensional case. For even dimensions, we still think that Theorem 1.1 can be generalized
as follows:
Conjecture 1.2. The integral (orbifold) cohomology ring of an even-dimensional, simply
connected Besse orbifold is generated by one element.
For further motivation to this conjecture and for a more refined version of it we refer
the reader to Section 8.
1.1. Idea of the proof, and structure of the article. The first step toward the proof
is to find a way to determine when an orbifold is actually a manifold, based on its orbifold
cohomology. In this respect, we prove:
Theorem 1.3. An orientable, compact Riemannian n-orbifold O is a manifold, if and
only if the orbifold Stiefel Whitney classes wi(O) ∈ H
i
orb(O;Z2) and the orbifold Pontrya-
gin classes pi(O) ∈ H
4i
orb(O;Zp) (for every p odd prime) are nilpotent.
We then focus on a Besse orbifold O. First, an orbifold version of Wadsley’s Theorem
gives, as a byproduct, that the universal cover of a Besse orbifold is again a Besse orbifold.
This reduces our work to the simply connected case. We then consider a loop space Ωorbp,qO
which somehow keeps track of the orbifold structure of O. Such a space has already been
introduced in [19]. Here, we give a different, though equivalent definition in terms of
the frame bundle, instead of using the language of groupoids. Then we prove, via Morse
theoretic arguments, that the Betti numbers of Ωorbp,qO are uniformly bounded. Secondly,
we show that Ωorbp,qO is an H-space, and we use this structure to prove that the cohomology
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H∗(Ωorbp,qO, F ), with F = Q and Zp, is extremely simple (i.e. isomorphic as a graded vector
space to a polynomial algebra F [x]). Finally, this is used to prove that, in the simply
connected case, the orbifold cohomology of O satisfies the conditions of Theorem 1.3 and
thus O is a (Besse) manifold.
The paper is structured as follows. In Section 2 we recall basic notions and results
about (Riemannian) orbifolds and Hopf algebras that are required for our presentation.
In particular, in Section 2.2 we describe the class of examples of Besse orbifolds given
by weighted projective spaces in more detail. In Section 3 we provide a short and self-
contained proof of Theorem 1.3. In Section 4 we introduce loop spaces for orbifolds and
apply Morse theory to obtain the universal bounds on the Betti numbers of Ωorbp,qO for
a Besse orbifold O. In Section 5 we apply rational homotopy theory to deduce that
for an odd-dimensional simply connected Besse orbifold the rational cohomology ring
of the loop space is a polynomial ring. In Section 6 we build on ideas of McCleary and
Browder to determine the corresponding cohomology ring with coefficients in a finite field
of prime order, at least as a vector space. In Section 7 we show via an application of the
Leray–Serre spectral sequence that this information suffices to guarantee the assumptions
of Theorem 1.3 and therewith prove our main result. Finally, in Section 8 we provide
more background on our Conjecture 1.2. Moreover, there is an appendix that contains
complete proofs for several auxiliary statements on Hopf algebras (see Appendix A) and
for an orbifold version of Wadsley’s theorem (see Appendix B).
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2. Preliminaries
2.1. Riemannian orbifolds. A length space is a metric space in which the distance
between any two points can be realized as the infimum of the lengths of all rectifiable
paths connecting these points [11]. An n-dimensional Riemannian orbifold On is a length
space such that for each point x ∈ O there exists a neighborhood U of x in O, an n-
dimensional Riemannian manifold M and a finite group Γ acting by isometries onM such
that U andM/Γ are isometric. In this case we callM amanifold chart and U a local chart
of O around x. We call a chart good if Γ fixes a preimage of x inM . Behind this definition
lies the fact that an isometric action of a finite group on a simply connected Riemannian
manifold can be recovered from the corresponding metric quotient [24, Lem. 2.1]. By this
fact every Riemannian orbifold admits a canonical smooth structure. Roughly speaking,
this means that there exist equivariant, smooth transition maps between the manifolds
charts (cf. [5]). Conversely, every smooth orbifold admits a Riemannian metric and in
this sense the two notions are equivalent. In the following we sometimes omit the prefix
“Riemannian” if a certain property only depends on the smooth structure. For a point
x on an orbifold the linearized isotropy group of a preimage of x in a manifold chart is
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uniquely determined up to conjugation. Its conjugacy class is denoted as Γx and is called
the local group of O at x. A point x ∈ O is called regular if its local group is trivial and
otherwise singular.
An (orbifold) geodesic on a Riemannian orbifold is a continuous path that can locally
be lifted to a geodesic in a manifold chart. A closed geodesic is a continuous loop that
is a geodesic on each subinterval. A prime geodesic is a closed geodesic that is not a
concatenation of nontrivial closed geodesics. See also [23] for a more detailed discussion
on orbifold geodesics. We call a Riemannian metric on an orbifold as well as a connected
Riemannian orbifold Besse, if all its geodesics “are closed”, i.e. if they factor through
closed geodesics. A Besse orbifold is geodesically complete and hence complete by the
Hopf–Rinow theorem for length spaces [11, Thm. 2.5.28].
2.2. Examples of Besse orbifolds. Consider the action of the unit circle S1 ⊂ C1 on
the unit sphere S2n+1 ⊂ Cn+1 defined by
z(z0, . . . , zn) = (z
a0z0, . . . , z
anzn)
for some weights ai ∈ Z\{0}. Set a = (a0, . . . , an). This action is almost free, i.e. its
isotropy groups are finite, and the quotient space CPna = S
2n+1/S1 with its quotient metric
is a 2n-dimensional Riemannian orbifold. It is referred to as a weighted complex projective
space. The geodesics on CPna are the images of horizontal geodesics on S
2n+1, i.e. of those
geodesics that are perpendicular to the S1-orbits [18]. In particular, all geodesics of CPna
are closed, i.e. CPna is a Besse orbifold. However, not all of them have the same length
[18]. For n = 1 the orbifold CPna is also known as a football or spindle orbifold. In [23,
Sect. 2.2] an infinite-dimensional family of Besse metrics on spindle orbifolds is described.
Similarly, one can show that if ρ is a representation of SU(2) on a complex vector
space Cn such that all irreducible components are complex even-dimensional, then the
induced action of SU(2) on the unit sphere in Cn is almost free and the corresponding
quotient, which is also referred to as a weighted quaternionic projective space [15], is a
Besse orbifold [16, p. 154]. Indeed, the only infinite, closed subgroups of SU(2) are its
maximal, one-dimensional tori, all of which are conjugated, and SU(2) itself, and the
restriction of an irreducible representation of SU(2) on Cn to its maximal torus S1 has
weights (n− 1)− 2k, k = 0, . . . , n− 1, so that infinite isotropy groups can only occur for
odd n.
All the weighted projective spaces we have discussed in this section are even-dimensional
and, by the long exact sequence in homotopy, simply-connected as orbifolds, i.e. they do
not admit non-trivial orbifold coverings (see Sections 2.3 and 2.5).
2.3. Orbifold coverings. A covering of complete n-dimensional Riemannian orbifolds
O′ and O is a submetry p : O′ → O, i.e. a map satisfying p(Br(x)) = Br(p(x)) for all
x ∈ O′ and all r > 0. In this case each point x ∈ O has a neighborhood U isometric
to some M/Γ for which each connected component Ui of p
−1(U) is isometric to M/Γi
for some subgroup Γi < Γ such that the isometries are compatible with the natural
projections M/Γi → M/Γ [24]. In fact, for smooth orbifolds the concept was originally
defined by Thurston using the latter property [39]. According to him an orbifold is called
good (or developable) if it is covered by a manifold. Otherwise it is called bad. Note
that a finite covering of a Besse orbifold is itself Besse. Thurston also showed that the
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theory of orbifold coverings works analogously to the theory of ordinary coverings [39].
In particular, there exist universal coverings and one can define the orbifold fundamental
group πorb1 (O) of a connected orbifold as the deck transformation group of the universal
covering. The orbifold fundamental group also admits interpretations in terms of loops.
To explain the one outlined in [24] we first introduce the frame bundle.
2.4. Orbifold frame- and tangent bundles. Given a Riemannian orbifold O one can
construct an (orthonormal) frame bundle FO by taking an open cover {Ui}i of O such
that the Ui admit good manifold charts U˜i, and gluing the quotients F (U˜i)/Γi of the
orthonormal frame bundles F (U˜i) by the induced actions of Γi via differentials together,
cf. [2, Def. 1.22]. This frame bundle is a manifold with an almost free O(n)-action
(n = dimO) and an O(n)-equivariant projection π : FO → O (where O(n) acts trivially
on O). Moreover, FO carries a natural metric [33, 34] so that the O(n)-action is isometric,
and the projection π : FO → O is an orbifold Riemannian submersion, in the sense that
for every point z in FO, there is a neighbourhood V of z such that U = π(V ) is a good
chart, and π|V factors as V
p˜i
−→ U˜
piU−→ U , where π˜ is a standard Riemannian submersion,
inducing an isometry FO/O(n)→ O.
An orbifold is called orientable if its frame bundle is disconnected. By passing to the
orientable double cover [24, Lem. 4.8] we can assume that all our Besse orbifolds are
orientable. For an orientable orbifold we also sometimes simply work with the bundle
of oriented orthonormal frames, on which SO(n) acts isometrically with quotient O, and
still denote this bundle as FO.
Similar to the construction of the frame bundle one can construct a tangent bundle
TO which is an orbifold and which carries a natural metric as well corresponding to the
Sasaki-metric in the manifold case [37, 38].
2.5. Algebraic orbifold invariants. Given a regular point p ∈ O let Ωp,pFO := {γ ∈
C0(I, FO) | π(γ(0)) = π(γ(1)) = p} be the set of all continuous paths in FO that start
and end at the fiber π−1(p) over p. One can think of an element in Ωp,pFO as a path in O
together with a moving orthonormal frame. The action of O(n) on FO induces an action
of O(n) on Ωp,pFO. The fundamental group of O is isomorphic to the quotient of Ωp,pFO
by the equivalence relation generated by the action of O(n) on FO and by homotopies
through paths in Ωp,pFO, where the group multiplication is defined via concatenations
of paths [24, Prop. 4.15].
A model for the so-called classifying space BO of an orbifold O is given by the
Borel-construction FOO(n) of the action of O(n) on FO [20, 19]. More precisely, let
EO(n)→ BO(n) be a universal bundle of O(n), then we can take BO to be the quotient
of FO × EO(n) by the diagonal action of O(n). Moreover, if G is any Lie group that
acts almost freely and isometrically on a Riemannian manifold M so that the quotient
O = M/G is isometric to O, then the corresponding Borel construction MG is weakly
homotopy equivalent to BO (cf. [24]). The projections to the two factors induce projec-
tions π1 : BO → O and π2 : BO → BO(n). Orbifold coverings of O are in one-to-one
correspondence with coverings of BO. In particular, the orbifold fundamental group of O
is isomorphic to the ordinary fundamental group of BO. Similarly, one can define other
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invariants of O in terms of BO, e.g. the orbifold (co)homology and homotopy groups
Horb∗ (O) = H∗(BO), H
∗
orb(O) = H
∗(BO) and πorb∗ (O, x0) = π∗(BO, xˆ0),
where xˆ0 ∈ BO projects to x0 ∈ O. We will also work with the orbifold Stiefel Whitney
classes wi(O) ∈ H
i
orb(O;Z2) and the orbifold Pontryagin classes pi(O) ∈ H
4i
orb(O;Zp)
which are defined as the pullbacks of the respective classes of BO(n) via the projection
π2 : BO → BO(n).
2.6. Orbifold characteristic classes. The map FO×EO(n)→ BO is, by construction,
a principal O(n)-bundle. In particular, it is classified by a map ϕ : BO → BO(n). Recall
the following result:
Theorem 2.1. For any odd prime p,
H∗(BO(n);Zp) = Zp[p1, . . . , p⌊n−1
2
⌋], where pi ∈ H
4i(BO(n);Zp).
Furthermore,
H∗(BO(n);Z2) = Z2[w1, . . . ,wn], where wi ∈ H
i(BO(n);Z2).
We define the orbifold Pontryagin classes pi(O) ∈ H
4i(BO(n);Zp) = H
4i
orb(O;Zp)
(resp. the orbifold Stiefel-Whitney classes wi(O) ∈ H
i(BO(n);Z2) = H
i
orb(O;Z2)) as
the pullbacks of pi ∈ H
4i(BO(n);Zp) (resp. of the wi ∈ H
i(BO(n);Z2)) under the map
ϕ : BO → BO(n).
While the orbifold cohomology with rational coefficients coincides with the usual coho-
mology of the underlying topological space, the orbifold cohomology with Zp coefficients
may have infinite cohomological dimension. For instance, for a finite subgroup G < O(n)
the orbifold cohomology of Rn/G with Zp coefficients coincides with the group cohomol-
ogy of G with Zp coefficients which is always infinite dimensional.
Nevertheless, we have the following:
Proposition 2.2. Let O be a compact, orientable orbifold. Then H∗orb(O;Zp) is a finitely
generated module over H := H∗(BO(n);Zp).
Proof. Since O is orientable, choose an orientation and take FO to be the bundle of
oriented orthonormal frames of O. Nothing changes from before, except that now the
map FO is a principal SO(n)-bundle, and the projection FO×ESO(n)→ BO is classified
by a map BO → BSO(n). Consider the Serre spectral sequence with Zp-coefficients (p
a prime) of the homotopy fibration FO → BO → BSO(n). The E2-page is E
p,q
2 =
Hp(BSO(n);Hq(FO;Zp)). Since O is compact, FO is a compact manifold, and thus
Hq(FO;Zp) is a vector space over Zp with finite dimension (say m). Moreover, E
∗,∗
2 is
isomorphic, as an H := H∗(BSO(n);Zp)-module, to H
p(BSO(n);Z⊕mp )
∼= H⊕m and, in
particular, it is a finitely generated module over H.
We claim, by induction, that every page (Er, dr) is a finitely generated differential
module over H: in fact, this is true for (E2, d2) since H embeds into E
∗,0
2 , and by the
product structure in E2. Moreover, if this is true for (Er−1, dr−1), then H commutes with
dr−1 and induces an H-module structure on Er. Moreover, there is a ring homomorphism
φr : H → E
∗,0
r such that the action of h ∈ H on x ∈ Er is given by h · x = φr(h) ∪ x.
In particular, since dr is a derivation and the H-action is via multiplication by elements
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in E∗,0r , it follows that dr commutes with H. Moreover, as a finitely generated module
over the Noetherian ring H, Er−1 is a Noetherian H-module and thus any H-submodule
is finitely generated. In particular, ker(dr−1) is finitely generated as an H-module, and
therefore the quotient Er = ker(dr−1)/dr−1(Er−1) is finitely generated as well.
Since FO is finite dimensional, the spectral sequence degenerates at the (r0 = dimFO)-
page, thus E∗,∗∞ = E
∗,∗
r0 is a finitely generated H-module. Since E
∗,∗
∞ ≃ H∗(BO;Zp) as
H-modules, the result follows. 
2.7. Hopf algebras. Through the paper, we will work with the following definitions.
Definition 2.3. An algebra is a graded vector space A =
⊕
iAi over a field K, together
with a graded linear map Φ : A⊗ A→ A, and an element 1 ∈ A0 such that Φ(1⊗ x) =
Φ(x ⊗ 1) = x for every x ∈ A. An algebra A is associative if Φ(Φ(x ⊗ y) ⊗ z) =
Φ(x⊗ Φ(y ⊗ z)) for every x, y, z ∈ A.
As usual, we will refer to Φ(x⊗ y) simply as x · y or, if there is no source of confusion,
simply as xy.
Definition 2.4. A coalgebra is a graded vector space A =
⊕
iAi over a field K, together
with graded linear maps Ψ : A→ A⊗ A such that, for every x ∈ A¯ =
⊕
i>0Ai, one has
Ψ(x) = 1 ⊗ x+ 1 ⊗ x +
∑
i x
′
i ⊗ x
′′
i were 1 ∈ A0 = K and x
′
i, x
′′
i ∈ A¯. A coalgebra A is
co-associative if (Ψ⊗ 1)⊗Ψ = (1⊗Ψ)⊗Ψ.
Definition 2.5. A Hopf algebra is a graded vector space A =
⊕
iAi over a field K,
together with the structure of an algebra Φ : A ⊗ A → A, 1 ∈ A0; and of a coalgebra
Ψ : A→ A⊗A, such that the map Ψ is a morphism of algebras, where A⊗A is equipped
with the multiplication (x⊗ y) · (z ⊗ w) = (−1)deg(y) deg(z)(x · y)⊗ (z · w).
Given any algebra A, the dual space A∗ = Hom(A,K) inherits the structure of a
coalgebra, by defining Ψ : A∗ → A∗ ⊗ A∗ ≃ (A ⊗A)∗ by Ψ(x¯)(y ⊗ z) := x¯(y · z) for any
x¯ ∈ A∗ and y, z ∈ A. In particular, if A is a Hopf algebra, then A∗ is a Hopf algebra as
well.
The requirement that A0 = K is not always made, and Hopf algebras satisfying this
condition are usually called connected. Throughout this paper, we will only deal with
connected Hopf algebras so we will not make this distinction. Furthermore, we will only
work with K = Q or K = Zp, which are examples of perfect fields. In this case, the
following structure theorem applies (cf. [31, Thm 7.11]):
Theorem 2.6 (Borel–Hopf Theorem). If A =
⊕
iAi is a connected Hopf algebra over
the perfect field K, the multiplication in A is (graded) commutative, and dimAi <∞ for
all i then, as an algebra, A is isomorphic with a tensor product
⊗
i∈I Ai of Hopf algebras
Ai, where Ai is a Hopf algebra with a single generator xi.
We will need the following definitions:
Definition 2.7. Given a Hopf algebra A, an element x ∈ A¯ is called:
• decomposable if it can be written as a finite sum x =
∑
i yizi for some yi, zi ∈ A¯,
and indecomposable otherwise.
• primitive if Φ(x) = 1⊗ x+ x⊗ 1.
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Definition 2.8. A Hopf algebra A is called:
• primitive if there exists a set of primitive generators for A.
• coprimitive if primitive elements are indecomposable.
• biprimitive if it is both primitive and coprimitive.
Given a Hopf algebra A, the algebra and coalgebra structures define filtrations F iA
and GiA, by:
• F 0A = A and F i+1A = Φ(A¯⊗ F iA) ⊆ F iA.
• G0A = A0 = K and G
iA := ker(Ψ¯i) ⊇ G
i−1A, where Ψ¯i = A → (A¯)
⊗(i+1) is
defined iteratively by
Ψ¯1(x) = Ψ(ρ(x))− ρ(x)⊗ 1− 1⊗ ρ(x) Ψ¯i+1 = (Ψ¯1 ⊗ 1⊗ . . . ⊗ 1) ◦ Ψ¯i
and where ρ : A→ A¯ is the natural projection.
Given such filtrations, one can define the spaces E0(A) =
⊕
i F
iA/F i+1A and 0E(A) =⊕
iG
iA/Gi−1A, which are both isomorphic to A as graded vector spaces. Moreover, both
spaces inherit a Hopf algebra structure from A. In particular, one can define the Hopf
algebra 0EE0(A), and the following holds:
Theorem 2.9 ([9], Corollary 2.6). If A is an associative Hopf algebra, then 0EE0(A) is
a biprimitive Hopf algebra.
Biprimitive Hopf algebras will play a role in the context of differential Hopf algebras,
that is, Hopf algebras endowed with a differential d : A → A of degree 1, such that the
maps Φ : A ⊗ A → A and Ψ : A → A ⊗ A become morphisms of differential algebras
(where the differential on A⊗A is given by d(x⊗ y) = (dx)⊗ y+(−1)deg(x)x⊗ (dy). We
have the following:
Theorem 2.10 ([9], Theorem 3.9). Let (A, d) be a biprimitive differential Hopf algebra
over Zp. Then, in the category of differential Hopf algebras, (A, d) is isomorphic to a
tensor product
(1)
I⊗
i=1
Ki ⊗
J⊗
j=1
Lj ⊗Q
where:
• Ki = Λ(y)⊗ Zp[z]/z
p, where y, z are primitive, |y| odd and d(y) = z.
• Lj = Λ(y
′)⊗ Zp[z
′]/z′p, where y′, z′ are primitive, with |y′| odd and d(z′) = y′.
• Q is primitively generated, and d(Q) = 0.
3. A topological condition for an orbifold to be a manifold
The goal of this section is to provide an algebro-topological condition to determine
when an orbifold is in fact a manifold. Most of the argument below (see Proposition
3.3) also follows from a more general result [35, Theorem 7.7, p. 568] due to Quillen. As
a service to the reader, we provide a short and self-contained reasoning relevant to our
purposes.
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We shall draw on the following lemma which will help to identify a special system of
local coefficients used in an E2-page of a Leray–Serre spectral sequence in the proof of
Proposition 3.3.
Lemma 3.1. Given an orientable n-dimensional orbifold O and a subgroup Zp ⊆ SO(n),
in the fibration
SO(n)/Zp →֒ (FO × ESO(n))/Zp → (FO × ESO(n))/SO(n) = BO
the monodromy action of the fundamental group of the base, π1(BO), on the cohomology
of the fibre, H∗(SO(n)/Zp;Zp), is trivial.
Proof. We prove the result in slightly larger generality replacing SO(n) by a connected,
compact Lie group G, Zp by a discrete group H ⊆ G and FO by a connected G-CW-
complex X. In this case we have the fibration
(X × EG)/H = XH → (X × EG)/G = XG
We will denote elements of XH by [x, v]H for x ∈ X and v ∈ EG. Similarly, the
elements in XG will be denoted [x, v]G. Clearly, we have [x, v]G = [g
−1 · x, g−1 · v]G for
any g ∈ G, and [x, v]H = [h
−1 · x, h−1 · v]H for any h ∈ H.
We claim that for any element [γ] ∈ π1(XG), its action on G/H is homotopic to the
identity, and thus its action on H∗(G/H) is trivial.
Fix [γ] ∈ π1(XG), and a curve γ : I → XG representing [γ]. Consider the principal
bundle
G→ X × EG→ XG.
Let γ¯ : I → X ×EG denote a lift of γ, and let γ¯(0) = (x0, v0), γ¯(1) = g
−1
0 · γ¯(0).
Consider now the bundle G/H → XH → XG. Let Γ : G/H × I → XG be the map
Γ(gH, t) = γ(t), and take the lift Γˆ0 : G/H → XH of Γ at t = 0 given by Γˆ0(gH) =
[g−1 · γ¯(0)]H (which identifies G/H with the fiber at γ(0)). This map can be extended to
Γˆ : G/H × I → XH
(gH, t) 7→ [g−1 · γ¯(t)]H
It is easy to check that this map is well defined, is a lift of Γ, and that at t = 1 it is given
by
Γˆ1(gH) = [g
−1 · γ¯(1)]H = [g
−1g−10 γ¯(0)]H = Γˆ0(g0gH).
In particular, the action of [γ] ∈ π1(XG) on G/H, which is defined by Γˆ1, is given by
left multiplication by g0. Since G is connected, this action is clearly homotopic to the
identity, and the proposition is proved.

Remark 3.2. For a non-orientable orbifold O and a subgroup Zp ⊆ SO(n) the mon-
odromy action of π1(BO) on the cohomology of the fiber of
O(n)/Zp →֒ (FO × EO(n))/Zp → (FO × EO(n))/O(n) = BO
is nontrivial (here FO denotes the bundle of all orthonormal frames). Indeed, a loop in
BO can be lifted to a loop in FOZp that starts and ends in the same fiber component, if
and only if it lifts to a loop in the orientable cover FOSO(n) of BO.
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Proposition 3.3. An orientable, compact Riemannian n-orbifold O is a manifold, if
and only if the orbifold Stiefel Whitney classes wi(O) ∈ H
i
orb(O;Z2) and the orbifold
Pontryagin classes pi(O) ∈ H
4i
orb(O;Zp) (for every p odd prime) are nilpotent.
Proof. We begin by turning the proposition into another, equivalent one. First of all, from
Proposition 2.2 the orbifold Stiefel–Whitney and Pontryagin classes are all nilpotent if
and only if the orbifold cohomology H∗orb(O;Zp) is finite dimensional for all primes p. It
is then enough to prove that an orbifold O is a manifold, if and only if H∗orb(O;Zp) is
finite dimensional. Secondly, O is a manifold if and only if the action of SO(n) on the
frame bundle FO is free. Since the orbifold cohomology H∗orb(O;Zp) is nothing but the
SO(n)-equivariant cohomology H∗SO(n)(FO;Zp), we can thus rephrase the statement of
the proposition in terms of the frame bundle:
The SO(n)-action on FO is free, if and only if H∗SO(n)(FO;Zp) is finite dimensional for
every prime p.
Clearly if the SO(n)-action is free, then FO/SO(n) is a manifold andH∗SO(n)(FO;Zp) =
H∗(FO/SO(n);Zp) is finite for every prime p. Suppose now that the SO(n) action is not
free. Then there is some (compact) isotropy group H, which contains some finite cyclic
subgroup Zp, for some prime p. Thus, there exists some Zp ⊆ SO(n) with nonempty fixed
point set, (FO)Zp . Fixing such a Zp ⊆ SO(n), consider the corresponding equivariant
cohomology H∗Zp(FO;Zp), i.e. the cohomology of the total space of the bundle
FO → FOZp = (FO × ESO(n))/Zp
p
−→ BZp.
The existence of a fixed point x ∈ FO of the Zp-action yields a section of this bundle
given by s(b) = [x, b]G, where we use the notation of Lemma 3.1. Hence in this case the
induced morphism on cohomology id = H∗(p ◦ s) = H∗(s) ◦H∗(p) yields that H∗(p) is
injective. In particular, in this case H∗Zp(FO,Zp) is infinite dimensional as H
∗(BZp,Zp)
is so.
Next, the natural map
(FO ×ESO(n))/Zp → (FO × ESO(n))/SO(n) = BO
is an SO(n)/Zp-bundle. Due to Lemma 3.1 the action of π1(BO) on H
∗(SO(n)/Zp;Zp)
is trivial, and thus the Leray–Serre spectral sequence satisfies
Ep,q2 = H
p
SO(n)(FO,H
q(SO(n)/Zp;Zp))
and converges to Hp+qZp (FO;Zp).
As noted above, H∗Zp(FO;Zp) has infinite cohomological dimension. We claim that
this implies that H∗SO(n)(FO;Zp) has infinite dimension as well (thus proving the propo-
sition). We prove the claim by contradiction: if H∗SO(n)(FO;Zp) had finite cohomological
dimension, then the E2-page of the spectral sequence would have finite dimension, and
therefore the same would be true for the E∞-page. This is a contradiction, since the
spectral sequence converges to H∗Zp(FO;Zp) for which we showed that it is infinite di-
mensional. 
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Remark 3.4. By Quillen’s result [35, Theorem 7.7, p. 568] and the above reasoning, the
fact that O is a manifold if and only if H∗orb(O;Zp) is finite dimensional for all primes p
also holds for non-orientable O.
4. Orbifold loop space, and Morse theory
The goal of this section is to reduce the proof of Theorem A to the simply connected
case, and to prove the following:
Theorem 4.1. For every Besse orbifold O, the loop space Ω(BO) has uniformly bounded
Betti numbers, with respect to any field of coefficients.
From now on, for sake of notation we will denote Ω(BO) by ΩBO.
4.1. The orbifold loop space. Let us start by defining a loop space of O, which in-
corporates the information about the orbifold structure. An equivalent definition in the
language of groupoids is given in [19].
Definition 4.2. Let O be an orbifold with frame bundle π : FO → O. Given two points
p, q ∈ O, with p regular, and fixing z ∈ π−1(q), define the orbifold loop space as
Ωorbp,zO = {γ : I → FO | γ piecewise smooth, γ(0) ∈ π
−1(p), γ(1) = z}
with the compact-open topology.
Notice that, changing z with z′ = g · z for some g ∈ O(n), we have Ωorbp,z′O = g ·Ω
orb
p,zO,
where g acts on curves γ : I → FO point-wise, by (g · γ)(t) = g · (γ(t)). In particular,
there is a homeomorphism Ωorbp,z′O ≃ Ω
orb
p,zO, and we call either of them simply by Ω
orb
p,qO.
An alternative definition for the orbifold loop space is
Ω˜orbp,qO = {γ ∈ C
0(I, FO) | γ(0) ∈ π−1(p), γ(1) = z}.
The two definitions are different, however it is a standard fact that the inclusion Ωorbp,qO →
Ω˜orbp,qO is a homotopy equivalence. This is proved, for example, with great detail in [29],
Theorem 17.1.
Moreover, Ω˜orbp,qO has the homotopy type of a CW-complex (cf. [30]). Standard Morse
Theory gives a more precise description of the CW-complex structure: let us equip FO
with a Riemannian metric gF , such that O(n) acts by isometries, and the projection
π : FO → O is a Riemannian submersion as discussed in Section 2.4. Moreover, let
E : Ωorbp,qO → R be the energy functional taking γ : [0, 1]→ FO to
E(γ) =
∫ 1
0
‖γ′(t)‖2gF dt.
Standard variation arguments show that the critical points of E are geodesics γ from
π−1(p) to z, with γ′(0) perpendicular to π−1(p). Moreover, for any such critical point,
γ, its index indI(γ) (number of negative eigenvalues of the Hessian of E at γ) coincides
with the number of focal points to π−1(p) along γ in (0, 1) counted with multiplicity,
and the nullity (i.e. dimension of the kernel of the Hessian of E at γ) coincides with the
multiplicity of γ(1) as a focal point of π−1(p) along γ. For z generic, the nullity of γ is
zero for every critical point γ of E, and standard Morse Theory ([29], Thm. 17.3) shows
12 AMANN, LANGE, AND M. RADESCHI
that Ωorbp,qO is homotopy equivalent to a CW-complex, with a d-dimensional cell attached
for every critical point γ of index d.
The first result is to show that the information about the critical points of E and their
index can be read off from the orbifold geometry of O.
Recall that on Riemannian orbifolds one can still define geodesics and Jacobi fields: a
curve c : I → O is an orbifold geodesic if, whenever c|[a,b] is contained in a good open set
U ⊂ O covered by the Riemannian manifold U˜
piU→ U , there exists a (manifold) geodesic
c˜ : [a, b] → U˜ such that πU ◦ c˜ = c. Similarly, an orbifold Jacobi field along an orbifold
geodesic c is a section J of c∗TO such that, whenever c|[a,b] is contained in a good open
set U ⊂ O and is covered by a geodesic c˜ : I → U˜ , there is a Jacobi field J˜ : [a, b]→ c˜∗T U˜
such that (πU )∗J˜ = J . Equivalently, orbifold Jacobi fields can be described by variations
of orbifold geodesics (although one needs more care with this definition).
Just as in the manifold case, given an orbifold geodesic c : I → O then c(t0), t0 ∈ I,
is conjugate to c(0) along c if there exists an orbifold Jacobi field J along c such that
J(0) = J(t0) = 0. In this case, the multiplicity of c(t0) is the dimension of the space of
such Jacobi fields. Finally, given an orbifold geodesic segment c : I → O, we define the
orbifold index of c, indorbI (c) to be the number of orbifold conjugate points of c(0) along
c, counted with multiplicity.
Proposition 4.3. The projection π : FO → O induces a bijective correspondence between
critical points γ ∈ Ωorbp,qO of the energy functional, and orbifold geodesics c : I → O from
p to q. Moreover, if γ and c are in such a correspondence, then the index of γ, indI(γ),
equals the orbifold index of c, indorbI (c).
Proof. As mentioned above, if γ : I → FO is a critical point for E, then it is a geodesic
in FO starting perpendicularly to the fiber π−1(p). Since π is a Riemannian submersion,
the geodesic γ is a horizontal geodesic, and thus its projection c = π ◦ γ is an (orbifold)
geodesic in O. Moreover, just as in the manifold case, any orbifold geodesic from p to q
can be lifted horizontally to a horizontal geodesic, ending at z ∈ π−1(q), and everywhere
perpendicular to the fibers of π (in particular, starting orthogonal to π−1(p)). Clearly
the two maps are inverses of one another, and this gives the bijection.
Let Λp be the space of Jacobi fields along γ, given as variations through horizontal
geodesics from π−1(p). The zeroes of Jacobi fields in Λp count precisely the focal points
of π−1(p), thus indI(γ) equals the number of Jacobi fields in Λp vanishing at points in I,
counted with multiplicity. To prove the equivalence between the indices, it is thus enough
to show that π : FO → O induces, for every t0 ∈ [0, 1], a one-to-one correspondence
between:
• Jacobi fields J ∈ Λp with J(t0) = 0, and
• Orbifold Jacobi fields J along c with J(0) = J(t0) = 0.
For each t ∈ [0, 1] there is a small time segment I = (t − ǫ, t + ǫ) such that γ(I) is
entirely contained in an open subset V ⊂ FO for which U := π(V ) is a good local chart,
and such that π : V → U factors as V
p˜i
−→ U˜
piU−→ U , where U˜ is the manifold chart of
U and π˜ is a standard Riemannian submersion. Working in such open sets shows that
Jacobi fields along γ project to orbifold Jacobi fields along c and, conversely, that orbifold
ODD-DIMENSIONAL BESSE ORBIFOLDS ARE DEVELOPABLE 13
Jacobi fields along c can be lifted to Jacobi fields along γ. Since horizontal geodesics from
π−1(p) project via π˜ to geodesics in U˜ from p˜ = c˜(0), any Jacobi field J ∈ Λp projects
via π˜∗ to an orbifold Jacobi field along c˜ with π˜∗J(0) = 0. Moreover, we see that orbifold
Jacobi fields along c vanishing at t0 correspond to the Jacobi fields in Λp vanishing at
the same point.
The space Λp is a vector space of dimension dimFO−1, and it splits into 2 summands:
• The space Λv, spanned by (the restriction to γ of) the action fields X∗, X ∈
so(n). This subspace has dimension = dimπ−1(p), and consists of nowhere-
vanishing Jacobi fields.
• The space Λh, spanned by Jacobi fields J normal to γ′(t) such that J(0) = 0 and
J ′(0) ∈ νγ(0)(π
−1(p)). This space has dimension dimFO − dim(π−1(p)) − 1 =
dimO − 1, and π˜∗ defines an isomorphism between Λ
h and the space of Jacobi
fields along c˜ vanishing at t = 0.
Suppose now that J1, . . . , Jm ∈ Λp are linearly independent Jacobi fields such that
Ji(t0) = 0. Then under the splitting Ji = X
∗
i + Ki, with X
∗
i ∈ Λ
v and Ki ∈ Λ
h,
the Jacobi fields Ki must be linearly independent as well: in fact, if we had
∑
aiKi = 0
for some nonzero coefficients ai, then∑
aiJi =
∑
aiX
∗
i +
∑
aiKi =
∑
aiX
∗
i ∈ Λ
v,
but then J(t0) =
∑
aiJi(t0) = 0 would contradict the fact that Jacobi fields in Λ
v are
nowhere vanishing.
The Jacobi fields π˜∗J1, . . . π˜∗Jm along c˜ satisfy π˜∗Ji(t0) = 0. Moreover, since π˜∗Ji =
π˜∗Ki and the Ki are linearly independent, it follows that π˜∗J1, . . . , π˜∗Jm are linearly
independent as well, and this proves that indI(c˜) ≥ indI(γ).
To prove the opposite inequality, take linearly independent Jacobi fields J1, . . . , Jm
along c˜ such that Ji(0) = Ji(t0) = 0, and let K1, . . . Km ∈ Λ
h denote the Jacobi fields
along γ such that π˜∗(Ki) = Ji. Then the Ki are linearly independent with Ki(0) = 0,
and let vi := Ki(t0) ∈ Tγ(t0)
(
π−1(γ(t0))
)
. Letting X∗i ∈ Λ
v such that X∗i (t0) = vi, we
get linearly independent Jacobi fields Ki − X
∗
i ∈ Λp vanishing at t0. This proves that
indI(γ) ≥ indI(c˜), as we wanted. 
This theorem, together with the Morse theory arguments, implies the following:
Corollary 4.4. Given a Riemannian orbifold O and points p, q ∈ O, with p regular,
the orbifold loop space Ωorbp,qO is homotopy equivalent to a CW-complex with one cell of
dimension d for every orbifold geodesic c : I → O from p to q, with indorbI (c) = d.
The orbifold loop space and the loop space of the classifying space are related as follows
(cf. [19, Thm. 3.2.2]).
Proposition 4.5. Let O be an orbifold, and p, q ∈ O. If p ∈ O is chosen to be a regular
point, then Ωorbp,qO is weakly homotopy equivalent to ΩBO.
Proof. Consider the space Pp = {γ ∈ C
0(I, FO) | γ(0) ∈ π−1(p)}. Since p is a regular
point, the group O(n)-action on Pp by (g ·γ)(t) = g ·(γ(t)) is free. In particular, the Borel
construction (Pp)O(n) = (Pp × ESO(n))/O(n) is homotopy equivalent to the standard
quotient Pp/SO(n). Moreover, the map i : O(n) → Pp sending g to the constant path
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γ(t) ≡ g · z is an inclusion, and in fact an O(n)-equivariant homotopy equivalence. This
induces a homotopy equivalence between the quotients Pp/O(n) ≃ O(n)/O(n) = {pt}
and thus (Pp)O(n) is contractible.
The map ev1 : Pp → FO sending a curve γ to γ(1) is a fibration, with fiber (ev1)
−1(q) =
Ω˜orbp,qO. The map ev1 is also O(n)-equivariant, and thus it induces a fibration between
the Borel spaces (Pp)O(n) → (FO)O(n) = BO, with the same fiber Ω˜
orb
p,qO. Since the
total space (Pp)O(n) is contractible, it follows, for example by [21, Prop. 4.66], that
Ω˜orbp,qO ≃ ΩBO. Since Ω˜
orb
p,qO ≃ Ω
orb
p,qO, we have the result. 
4.2. Orbifold loop space of Besse Orbifolds. Let us now assume that O is a Besse
orbifold. The first result is the following:
Theorem 4.6 (Wadsley’s Theorem). Given a Besse orbifold O, all prime geodesics have
a common period. That is, there is a length L such that every prime geodesic c has length
ℓ(c) = L/M , for some integer M depending on c.
The proof follows closely the original proof of Wadsley for manifolds, with minor mod-
ifications. For sake of completeness, we included a proof of the orbifold version of this
theorem in Appendix B. One immediate corollary is the following:
Corollary 4.7. Any Besse orbifold O is compact. Moreover, if the dimension is at least
2 then its orbifold universal cover O˜ is Besse as well. In particular, πorb1 (O) is finite in
this case.
Proof. Compactness follows from the Hopf Rinow Theorem for length spaces, cf. [11],
Thm. 2.5.28. Let p be a regular point of O. We represent the fundamental group of O
as πorb1 (O, p) = Ωp,pFO/ ∼ as discussed in Section 2.5. Then any element of π
orb
1 (O, p)
is represented by a horizontal geodesic γ in the orthonormal frame bundle FO starting
and ending over p, and hence by a geodesic loop c in O based at p. Conversely, such a
loop lifts uniquely up to the O(n)-action to a horizontal geodesic with end points over p,
cf. Proposition 4.3.
Let L be the minimal common period of all closed geodesics on O. We claim that a
geodesic c based at p of length L represents the same element in πorb1 (O, x) as its inverse.
Let γ be a lift of c to FO and let g ∈ O(n) such that gγ(1) = γ(0). Continuously
deforming the initial vector from v to −v through horizontal vectors defines a homotopy
through horizontal geodesics between γ and (gγ)−1 = g(γ)−1. In particular, we have
[γ] = [γ]−1 in πorb1 (O, x) as claimed.
Consequently, any element in πorb1 (O, p) is represented by a horizontal geodesic of
length < 2L. Let O˜ → O be the universal covering and let F O˜ → FO be the induced
covering [24, Lem. 4.6]. It follows that the fibers of F O˜ → FO have diameter ≤ 2(2L +
diam(π−1(p)). Since F O˜ is complete and connected and the fibers are discrete, they are
finite and hence so is πorb1 (O, p). 
The corollary above reduces the proof of Theorem A to the simply connected case.
Furthermore, we can use Wadsley’s Theorem and Corollary 4.4 to prove the following:
Theorem 4.8. Given a Riemannian orbifold O with all geodesics closed, the loop space
ΩBO has uniformly bounded Betti numbers.
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Proof. The proof is virtually identical to the one in the manifold case, cf. Sections 7.41
and 7.42, p. 193 in [3]. For the sake of completeness, and because this result is central in
proving our Main Theorem, we recall the arguments here.
In the following we fix a regular point p in O and choose some point q that is not
conjugate to p along any geodesic (this can be done by a straightforward consequence of
Sard’s theorem applied to the normal exponential map from the normal bundle of π−1(p)
to FO). By Proposition 4.5 it is sufficient to show that the Betti numbers of Ωorbp,qO are
uniformly bounded. Moreover, by Corollary 4.4, it is enough to prove that for every d,
the number of orbifold geodesics c : I → O from p to q with indorbI (c) = d, is bounded by
a constant independent of d.
By Wadsley’s Theorem, all closed geodesics have length L/M for some fixed L and M
an integer, and there is an open dense set of geodesics with length L.
Notice that any closed orbifold geodesic from p with length Lmust have the same index,
and nullity n− 1, the maximum possible. In fact, on the one hand, every orbifold Jacobi
field J along c with J(0) = 0 and J ′(0) ⊥ c′(0) defines a variation through geodesics from
p, which by Wadsley’s Theorem must return to p at time L, and thus J(L) = 0, thus
proving the second statement. On the other hand, letting c0, c1 be any two geodesics from
p of length L, and letting {cs}s∈[0,1] be a smoothly-varying family of orbifold geodesics
cs : I → O of length L from c0 to c1, it is well-known that the only discontinuities of the
function s 7→ indorbI (cs) occur at times si in which the nullity of csi jumps up. However,
since the nullity of any such cs is n − 1, it follows that ind
orb
I (cs) is in fact constant. In
particular, any two orbifold geodesics of length L have the same orbifold index, call it C.
Since O is compact, and p and q are not conjugate to each other, for any e ∈ R there
are only finitely many geodesics between p and q with energy ≤ e. Let {c1, . . . ck} be the
geodesics from p to q with length ≤ L.
By Wadsley’s Theorem, the orbifold geodesics with length in (mL, (m+ 1)L) must be
{c
(m)
1 , . . . , c
(m)
k }, where c
(m)
i is obtained by following the geodesic ci past q, and up to
time mL + ℓ(ci) (we have c
(m)
i (mL + ℓ(ci)) = c
(m)
i (ℓ(ci)) = q). In particular, for any
integer m there are exactly k geodesics with length in (mL, (m+ 1)L).
Since any geodesic longer than L picks up n− 1 conjugate points at times multiple of
L, we obtain that
indorbI (c
(m)
1 ) = m(C + n− 1) + ind
orb
I ci
Since the ci have length ≤ L and the index grows monotonously with the length, we have
indorbI (ci) ≤ C < C + n − 1 and ind
orb
I (c
(m)
1 ) ∈
[
m(C + n − 1), (m + 1)(C + n − 1)
]
. It
follows that for any integer m, the orbifold geodesics with index in
[
m(C + n− 1), (m+
1)(C + n− 1)
]
are exactly c
(m)
1 , . . . , c
(m)
k . In particular, for any d the number of orbifold
geodesics with index d is at most k, hence the result. 
5. Computing H∗(ΩBO;Q), for simply connected Besse orbifolds
In this section and the next, O will denote an odd-dimensional, simply connected Besse
orbifold. In particular, O is orientable and we only work with the bundle of oriented
orthonormal frames. From the previous section, the loop space ΩBO has uniformly
bounded Betti numbers. Using the extra information that O is odd dimensional, and
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the fact that ΩBO is an H-space, we will show that, in fact, H∗(ΩBO;K) ≃ K[x] is a
polynomial algebra in one generator of even degree, whenever K = Q or Zp. We will deal
with two cases separately: in this section we will treat the case K = Q; and in the next
section, we will look at the case K = Zp.
The main structure that we will exploit is the fact that ΩBO (here thought as the
space of continuous pointed loops at some fixed point z ∈ BO) is an H-space, with
respect to the map ΩB × ΩB → ΩB given by concatenation of paths. In particular, the
cohomology H∗(BO;K) (with respect to any field of coefficients K) is a commutative,
associative Hopf algebra.
When dealing with rational coefficients, we use Sullivan’s theory of minimal models.
The methods and results of this section are fairly standard.
Recall that to any simply connected topological spaceX, one can associate a differential
graded algebra (ΛVX , d): that is, a free graded commutative algebra over Q
ΛVX = ∧V
odd
X ⊗Q[V
even
X ]
where VX = V
odd
X ⊕V
even
X is a vector space over Q, together with a differential d on ΛVX ,
of degree 1. This differential graded algebra, called minimal model of X, is defined by
the properties that:
(i) Letting Λ+VX be the subspace of ΛVX of positive degree, then d(ΛVX) ⊆ Λ
+VX ·
Λ+VX .
(ii) H∗(ΛVX , d) ∼= H
∗(X;Q).
Among the properties of the minimal model, one has that for simply connected X, the
degree-d part V dX of VX satisfies V
d
X ≃ Hom(πd(X),Q).
Although we are mainly concerned with the odd-dimensional case, let us formulate the
following result also for even dimensions.
Proposition 5.1. Suppose O is a simply connected orbifold such that dimHq(ΩBO;Q)
is uniformly bounded. Then:
• If dimO is odd, then O has the rational type of an odd dimensional sphere, and
H∗(ΩO;Q) ∼= Q[x′] where deg x′ = n− 1.
• If dimO is even, then H∗(O;Q) is singly generated and H∗(ΩO;Q) ∼= ∧(y′) ⊗
Q[x′] with dimO = degx′ − deg y′ + 1.
Proof. First of all, recall that the natural map
BO = (FO × ESO(n))/SO(n)→ FO/SO(n) = O
induced by projection on the first factor is a rational homotopy equivalence (it induces
isomorphisms in rational cohomology, and thus in rational homotopy as well). Therefore
O and BO are rationally homotopy equivalent, and thus so are ΩO and ΩBO. In par-
ticular, H∗orb(O;Q) = H
∗(BO;Q) ≃ H∗(O;Q). For the rest of this section, we will use
O and ΩO instead of BO and ΩBO.
Because H∗(ΩO;Q) is a Hopf algebra, it follows from the Borel–Hopf Theorem (The-
orem 2.6) that H∗(ΩO;Q) is in fact a free graded algebra, and in particular the minimal
model for ΩO is isomorphic to
(
H∗(ΩO;Q), 0
)
.
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Let the minimal model for O be of the form (ΛV = ∧(x1, . . . , xr) ⊗ Q[y1, . . . , ys], d),
where the xi have odd degree and the yi have even degree. In this case,
V = span(x1, . . . , xr, y1, . . . ys).
Since V d ≃ πd(O)⊗Q and the homotopy groups of ΩO are just the ones of O scaled by
one, it follows that the minimal model of ΩO can be also written as
(ΛV , 0) = (Q[x′1, . . . , x
′
r]⊗ ∧(y
′
1, . . . , y
′
s), 0) deg x
′
i = deg xi − 1, deg y
′
i = deg yi − 1.
By the previous section, the cohomology groups of ΩO, which coincide with the graded
summands of ΛV , have uniformly bounded dimension. This can only happen if the
number of even degree generators of ΛV is at most 1 (otherwise ΛV would contain a
polynomial algebra of the form Q[x′1, x
′
2] for which the dimension of each degree grows
unbounded). In other words, r ≤ 1.
On the other hand, since r denotes the number of odd degree generators for the minimal
model ΛV of O, it follows that r ≥ 1: in fact, if there were no odd degree generators,
we would have ΛV = Q[y1, . . . , ys], and d = 0 for degree reasons, which would give
H∗(O;Q) = H∗(ΛV, d) = (Q[y1, . . . , ys], 0) = ΛV = Q[y1, . . . , ys], contradicting the finite
dimensionality of H∗(O;Q).
Therefore, ΛV = ∧(x) ⊗ Q[y1, . . . , ys]. We now claim that s ≤ 1. In fact, define the
pure Sullivan algebra associated to (ΛV, d) by (ΛV, dσ), where dσ(yi) = 0 and dσ(x) ∈
Q[y1, . . . , ys] defined by
im(d− dσ) ⊆ Q[y1, . . . , ys]⊗ ∧
>0(x)
By [13], Proposition 32.4, H∗(ΛV, d) is finite dimensional if and only if H∗(ΛV, dσ) is
finite dimensional. However, we have
H∗(ΛV, dσ) = Q[y1, . . . , ys]/(P ), where dσx = P (y1, . . . , ys)
This can only be finite dimensional if s ≤ 1, and we have two cases for (ΛV, d):
(i) Either s = 0 and (ΛV, d) = (∧(x), 0).
(ii) Or s = 1, and the only possibility is (ΛV, d) = (∧(x) ⊗ Q[y], dx = ym, dy = 0)
for m = dimO/deg y + 1.
These two cases now correspond to the two cases in the assertion, i.e. to the different
parities of dimO. Indeed, the model in (i) is of odd dimension, the one from (ii) is even
dimensional. Passing to the corresponding loop space models actually finishes the proof.
It only remains to remark that the loop space cohomology in both cases obviously has
universally bounded Betti numbers. 
6. Computing H∗(ΩBO;Zp) (p prime), for simply-connected Besse orbifolds
In this section we consider the cohomology of ΩBO with coefficients in Zp, p a prime.
The methods of this sections follow closely the arguments of McCleary in [28]. The whole
section is devoted to proving the following:
Proposition 6.1. Let O be a simply connected Besse orbifold of odd dimension n. Then
H∗(ΩBO;Zp) ≃ Zp[xn−1] as graded vector spaces over Zp, for some generator xn−1 of
degree n− 1.
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As noted by Browder, there is a spectral sequence of Hopf algebras (Br, dr) (the Bock-
stein spectral sequence) with B1 = H
∗(ΩBO;Zp) and B∞ ≃ (H
∗(ΩBO;Z)/torsion) ⊗
Zp, and where all differentials have degree 1. By the results in the previous section,
(H∗(ΩBO;Z)/torsion) ≃ Z[xn−1] and thus
B∞ ≃ Zp[xn−1],
so we need to prove that dr = 0 for all r. We prove this by showing that (Br)
odd = 0 for
all r, so that the result follows by “lacunary principle”.
Recall that by Browder (cf. [8]), for every Bk there is a spectral sequence of spectral
sequences sEEr(Bk), with the following properties:
(i) 0EE0(Bk) is a “biprimitive form” of Bk—in particular, 0EE0(Bk) is a biprimitive
Hopf algebra (cf. definitions in Section 2.7) isomorphic to Bk as a graded vector
space.
(ii) For every r, k fixed, there are differentials ds such that (sEEr(Bk), ds) is a spec-
tral sequence, converging to 0EEr+1(Bk).
(iii) For every k fixed, there are differentials dr such that (0EEr(Bk), dr) is a spectral
sequence converging to 0EE0(Bk+1).
Since each sEEr(Bk) is biprimitive by [9, Lem. 3.2], by Theorem 2.10 it is isomorphic,
as a differential Hopf algebra, to a product
(2)
I⊗
i=1
Ki ⊗
J⊗
j=1
Lj ⊗Q
where:
• Ki = ∧(y)⊗ Zp[z]/(z
p), where y, z are primitive, |y| odd and dsy = z.
• Lj = ∧(y
′)⊗ Zp[z
′]/(z′p), where y′, z′ are primitive, with |y′| odd and dsz
′ = y′.
• Q is primitively generated, and dsQ = 0.
Recall that the set of primitive elements in a Hopf algebra A is a vector space. We will
see that, if A is biprimitive, then any homogeneous basis of this subspace forms a set of
generators of A in the tensor product description above.
We now prove that (Bk)
odd = 0 for all k, by contradiction. Supposing that some Bk
contains elements of odd degree, we want to produce a subalgebra of B1 = H
∗(ΩBO,Zp)
whose dimension grows unbounded with respect to the degree, contradicting Theorem
4.8. We do this by applying the following:
Lemma 6.2. Suppose A is a (associative and commutative) biprimitive Hopf algebra
over Zp, and suppose that we have two linearly independent sequences a = {a1, a2, . . .},
b = {b1, b2, . . .} of homogeneous primitive elements of A, such that the subalgebras Aa, Ab
generated by a and b respectively, are nonzero in degrees forming arithmetic sequences.
Then the dimension of A grows unbounded in the degree.
Proof. Since A is biprimitive, it has the form A =
⊗
i Zp[xi]/(x
di
i ), where the xi’s are
primitive elements and di is either 2 if deg(xi) is odd, or p if deg(xi) is even, cf. for
example the discussion in [9, Corollary 2.2]. Let P ⊂ A¯ be the set of primitive elements,
and let P → F 1A/F 2A ≃ span{xi} be the projection map. This is both surjective (since
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A is primitive) and injective (A is coprimitive) and therefore P = span{xi}. We claim
that for any basis of P consisting of homogeneous primitive elements {u1, u2, . . .}, we can
write
(3) A =
⊗
i
Zp[ui]/(u
di
i )
It is enough to prove it for a given degree: given {u1, . . . , um} and {x1, . . . , xm} bases of
Pd (degree d summand of P ), we need to show that the algebra generated by
{u1, . . . um, xm+1, xm+2, . . .}
is of the same shape as above. Also, this is clear in odd degrees, due to the fact that
the product is skew commutative. In even degrees, this is due to the fact that, with Zp
coefficients, the map A → A, x 7→ xp is an algebra homomorphism: the kernel of the
natural map φ : Zp[x1, . . . , xm]→ A is generated by x
p
i and thus, letting ui =
∑
ij αijxj
for some A = (αij) ∈ GL(m,Zp) and letting B = (βij) the inverse of A, we have that the
kernel of φ is the ideal generated by
∑
j(βijuj)
p =
∑
j βiju
p
j , which is the same as the
ideal generated by the upj .
Therefore, given the linearly independent set S = {a1, b1, a2, b2, . . .} of homogeneous
elements of P , this can be extended to a basis {u1, u2, . . .} of homogeneous elements of
P , such that A can be written as in (3). In particular, the algebras Aa, Ab are of this
form as well, and the algebra generated by S is isomorphic to Aa⊗Ab. Since Aa, Ab have
elements in degrees forming arithmetic sequences, it is easy to check that the dimensions
of the degree components of Aa ⊗Ab (and thus the ones of A) grow unbounded. 
One sequence, satisfying the properties of the lemma above is readily available. Notice
in fact that, since B∞ is a polynomial ring, its biprimitive form is
0EE0(B∞) =
∞⊗
i=1
Zp[zi]/(z
p
i ), |zi| = (n− 1)p
i
The elements zi can be lifted to a set of primitive elements
(4) a = {z˜1, z˜2, . . .} ⊆ 0EE0(B1),
generating a subalgebra Aa =
⊗∞
i=1 Zp[z˜i]/(z˜
p
i ) which is nonzero in degrees multiples of
(n− 1)p and thus satisfies the condition of the lemma.
To finish the proof, we thus need to produce the second set b. We will consider two
cases.
6.1. Case I: the spectral sequence sEEr(Bk) does not contain factors of type Lj.
Recall that we are assuming, by contradiction argument, that there exists some element
of odd degree in some Br, and then also in 0EE0(Br). In this case the following lemma
applies for (s0, r0, k0) = (0, 0, r).
Lemma 6.3. Suppose that the biprimitive spectral sequence sEEr(Bk) only contains fac-
tors of type Ki and Q. If there is an element y ∈ s0EEr0(Bk0) of odd degree, then there
exists a sequence b = {x1, x2, . . .} of primitive elements of degree |xi| = (|y| + 1)p
i in
0EE0(B1), generating a subalgebra Ab isomorphic, as a vector space, to a polynomial
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algebra Zp[w], |w| = |y| + 1. Moreover, every xi gets killed at some stage in the spectral
sequence sEEr(Bk).
Proof. We can assume that y is primitive. Since B∞ does not have elements of odd
degree, the element y must be killed at some stage (s1, r1, k1). Since there are no factors
of type Lj , the only way this can happen is that there is some x1 ∈ s1EEr1(Br1) such that
dy = x1. Since the differential commutes with the coproduct, the element x1 is primitive
as a differential of a primitive element. Moreover, |x1| = |y| + 1, and in s1+1EEr1(Br1)
there is a new element of odd degree being created, namely y2 = [yx
p−1
1 ]. By Lemma
A.1 below, y2 is primitive, and |y2| = |y|+ (p− 1)(|y|+1) = p(|y|+ 1)− 1. By the same
reason as before, at some later time (s2, r2, k2) we can find x2 ∈ s2EEr2(Br2) such that
dy2 = x2. Again, x2 is primitive and |x2| = |y2|+1 = p(|y|+1). The lemma now follows
by inductively repeating the same steps above and by lifting the xi to 0EE0(B1) via an
application of Lemma A.3. 
Because the elements in the sequence b in Lemma 6.3 above do not survive to 0EE0(B∞),
they are linearly independent of the elements in the sequence a in (4). Lemma 6.2 can then
be applied, contradicting the uniform boundedness of 0EE0(B1). This proves Proposition
6.1 in this first case.
6.2. Case II: the spectral sequence sEEr(Bk) contains a factor of type Lj. We
can now assume that at some stage in the biprimitive spectral sequence sEEr(Bk), we
have a factor of type Lj. In other words, there is an element xs,r ∈ sEEr(Bk) of even
degree (call it D), such that dxs,r 6= 0. By the explicit form (2) of each stage sEEr(Bk),
we can choose xs,r to be primitive. According to Lemma A.3 the element xs,r is in fact
represented by a primitive element x0,0 ∈ 0EE0(Bk). Using the explicit shape of the
biprimitive form 0EE0(Bk) shows that the primitive element x0,0 can be expressed as
a linear combination of indecomposable generators ξi of 0EE0(Bk) as in [9], Page 158.
We can assume that x0,0 is represented by one such generator ξ0 (still guaranteeing our
assumption dxs,r 6= 0). By [9, Theorem 2.7] ξ0 is represented by an iterated p-th power
xp
m
0 of an indecomposable generator x0 of E0(Bk). Since Bk ≃ E0(Bk) as algebras,
ξ0 = x
pm
0 is represented by an iterated p-th power ξ = x
pm of some indecomposable
element x ∈ Bk. However, if m 6= 0, we would have dξ = 0 in (Bk, d) and, by standard
facts about the spectral sequence of a filtered complex, it would follow that dxs,r = 0
for all xs,r ∈ sEEr(Bk) represented by ξ. This gives a contradiction, and hence xs,r is
represented by the indecomposable element x. We claim that dx cannot be written as dw
for some decomposable element w: in fact, if this was the case, then d(x−w) = 0 would
imply that every element in sEEr(Bk) represented by x−w has zero differential. On the
other hand, since w ∈ F2(Bk) (second subset in the filtration of Bk, which coincides with
the set of decomposable elements), then x0 = {x} = {x−w} in E
1
0(Bk), and this implies
that xs,r would also be represented by x−w ∈ F1(Bk), a contradiction since dxs,r 6= 0.
Recall (cf. [28]) that the homology H∗(ΩBO;Zp) is a Hopf algebra as well, and that
there is a homology Bockstein spectral sequence (Bk, dk) with B1 = H∗(ΩBO;Zp) and
such that each Bk is a Hopf Algebra, which is identified with the dual of Bk. In particular,
since dx ∈ Bk is linearly independent from every dw, w decomposable, it then follows
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that there exists an element y¯ ∈ Bk such that y¯(dx) 6= 0 and y¯(dw) = 0 for every w
decomposable. Then:
• dy¯(w) = 0 for all decomposable w. Hence, dy¯ is primitive by Lemma A.2.
• dy¯(x) 6= 0, which implies that x¯ := dy¯ 6= 0.
From this, it follows from Theorem 3 of [28] that x¯ produces ∞-implications. That is,
there exists a sequence of primitive elements x¯1, x¯2, . . . in homology, with x¯i ∈ B
ri for
some ri, and |x¯i| = Dp
i. Moreover, it follows from the proof of Theorem 3 of [28] that:
(i) For every i, there exists an element y¯i ∈ B
ri such that dy¯i = x¯i.
(ii) Either ri+1 = ri and x¯i+1 = x¯
p
i (hence x¯i+1 = d(y¯ix¯
p−1
i )), or ri+1 = ri + 1 and
y¯i+1 is represented by y¯ix¯
p−1 (hence x¯i+1 = d[y¯ix¯
p−1
i ]).
Choose elements xi ∈ Bri such that xi(x¯i) 6= 0, which implies dxi 6= 0. By Lemma A.2
we can choose the xi’s to be indecomposable in Bri . These xi represent indecomposable
elements in E0Bri that lie in E
1
0Bri . In particular, they represent primitive elements
in E0Bri by [9, Proposition 1.3, (i)], and hence primitive elements in 0EE0(Bri) by
[9, Proposition 1.2, (iv)], which, by Lemma A.3, can be lifted to primitive elements in
0EE0(Br), again called xi. Moreover, since |xi| = Dpi, it follows by dimensional reasons
that the algebra
Ab =
⊗
i
Zp[xi]/(x
p
i ) ⊆ 0EE0(B1)
that is, the algebra generated by the xi, is isomorphic as a vector space to a polynomial
algebra in one generator of degree D.
Since the elements in the sequence b, i.e. the elements xi, do not survive to 0EE0(B∞),
they are linearly independent of the elements in the sequence a in (4). Once again Lemma
6.2 can then be applied, contradicting the uniform boundedness of 0EE0(B1).
This proves Proposition 6.1 in the second and final case.
7. Proof of the Main Theorem
Let O be an odd-dimensional Besse orbifold. By Corollary 4.7, the universal cover O˜
is a Besse orbifold as well. We first prove that O˜ is in fact a manifold.
Consider the Leray-Serre spectral sequence of the path-fibration ΩBO˜ → PBO˜ → BO˜
with Zp coefficients. The second page is E
r,s
2 = H
r(BO˜;Zp)⊗H
s(ΩBO˜;Zp). From Propo-
sition 6.1, we know that H∗(ΩBO˜;Zp) ∼= Zp[en−1] as a graded vector space. Since the
total space of the fibration is contractible, the spectral sequence converges to the coho-
mology of a point. In particular, the lowest non-zero degree in which BO has nontrivial
Zp cohomology is n and the dimension of this cohomology group is 1. Hence, for r ≤ n
we have Er,s2 = Λ(en)⊗Zp[en−1] as graded vector spaces, and en · en−1 6= 0 in E
p,q
2 . Since
x = en has even degree we find using the Leibniz rule that
dn(x
k) = kxk−1dn(x).
It follows inductively that for k < p we have xk 6= 0 and dn(x
k) 6= 0. This implies that
H i(BO˜;Zp) = 0 for all 0 < i < p(n− 1) + 1, i 6= n.
First suppose that p > 2. Because H4i(BO˜;Zp) = 0 for i = 1, . . . [n/2], it follows that
the orbifold Pontryagin classes pi(O˜) are all zero.
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In the case p = 2, since H<n(BO˜;Zp) = 0, all the orbifold Stiefel Whitney classes are
trivial with the possible exception of wn(O˜). However, it follows from Wu’s formula that
the Stiefel Whitney classes are generated over the Steenrod algebra by those in degrees
that are a power of two. Since n > 2 is not a power of two, wn(O˜) is trivial as well.
From Proposition 3.3, it follows that O˜ is a Besse manifold. Since O˜ is odd dimensional,
it follows from Theorem 1.1 that O˜ is a (simply connected) homology sphere, hence a
homotopy sphere and, by the Poincaré Conjecture, a topological sphere. In particular,
O = O˜/Γ, where Γ = πorb1 (O) ⊂ Iso(O˜).
Furthermore, if n 6= 3 and Γ contains an involution g acting freely on O˜, then g
generates a copy of Z2 acting freely on O˜. By [25, Theorem 2], it follows that O˜/〈g〉 (and
hence O˜) has constant sectional curvature.
8. A conjecture
Recall the construction of weighted projective spaces CPna , the quotients S
2n+1/S1 by
an almost free action, with a = (a0, . . . , an) and with ai ∈ Z\{0} from Section 2.1. These
constitute simply connected Besse orbifolds in even dimensions. Consequently, our main
result cannot be generalized to even dimensions.
However, note that their cohomology was computed in [22] to equal
H∗orb(CP
n
a ;Z) = Z[u]/(a0 · . . . · an · u
n+1)
where u generates second cohomology.
As a service to the reader let us quickly recall the argument. We identifyH∗orb(CP
n
a ;Z)
∼=
H∗
S1
(S2n+1;Z) and consider the long exact sequence of the pair (Cn+1,S2n+1).
. . .→ H iS1(C,S
2n+1;Z)
α
−→ H iS1(C
n+1;Z)→ H iS1(S
2n+1;Z)→ . . .
Considering (Cn+1,S2n+1) as a pair of trivial vector bundles over the point the Thom
isomorphism identifies H i
S1
(Cn+1,S2n+1;Z) ∼= H
i−2(n+1)
S1
(Cn+1;Z), and α is multiplication
with the equivariant Euler class eS1(C
n+1) = a0·. . .·an·u
n+1 (computed using the splitting
principle). Consequently, the morphism α is injective, and the long exact sequence above
splits to yield the result. Alternatively, the result can be obtained by an application of
the Gysin sequence to the fibration
S1 → S2n+1 × ES1 → BCPna .
The same reasoning shows that the integral cohomology ring of an 4n-dimensional
weighted quaternionic projective space is of the form Z[u]/(p·un+1) with u of degree 4 and
some integer p, which, by [35, Theorem 7.7, p. 568], is 1 if and only if the corresponding
action of SU(2) on S4n−1 is free.
Recall further that due to 1.1 the best known result in the manifold case is a cohomo-
logical classification which, in particular, implies that the integral cohomology algebra is
generated by one element only.
Taken together, these observations motivate the following conjecture.
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Conjecture 8.1. The integral cohomology algebra of a simply-connected even-dimensioeven-
dimensionalnal Besse orbifold O of dimension d is generated by one element u of even
degree k such that d = k · n and k ∈ {2, 4, 8}, n ∈ N, such that
H∗orb(O;Z)
∼= Z[u]/(l · un+1).
Note that by [35, Theorem 7.7, p. 568] in this case O has the structure of a manifold
if and only if |l| = 1.
Remark 8.2. The reader may observe that we can support this conjecture further:
Indeed, our Morse theoretic arguments (with rational coefficients) together with the cor-
responding arguments from rational homotopy theory presented in Proposition 5.1 show
that also in the case when dimO is even its rational (orbifold) cohomology algebra is a
truncated polynomial algebra generated by one element of even degree.
Appendix A. Manipulations with Hopf algebras
This appendix contains a few elementary lemmas about differential Hopf algebras,
needed in Section 6 but too technical for being included there. We refer the reader to
Section 2.7 for relevant definitions and notation.
Recall that, given a differential Hopf algebra (A, d), then its homology H∗(A, d) has
again the structure of a Hopf algebra.
Lemma A.1. Let (A, d) be a differential Hopf algebra, and let If y ∈ A be primitive of
odd degree with dy =: x. Then y′ = [yxp−1] ∈ H∗(A, d) is primitive as well.
Proof. Ψ(y′) = Ψ[yxp−1] = [Ψ(yxp−1)], so it is enough to prove that Ψ(yxp−1) ∼ 1 ⊗
yxp−1+yxp−1⊗1, where ∼ denotes equivalence up to coboundaries. Since y is primitive,
so is x, and we get:
Ψ(yxp−1) =Ψ(y)Ψ(x)p−1
=(1⊗ y + y ⊗ 1)(1 ⊗ x+ x⊗ 1)p−1
=(1⊗ y + y ⊗ 1)
(
p−1∑
k=0
(
p− 1
k
)
xk ⊗ xp−1−k
)
=
p−1∑
k=0
(
p− 1
k
)
xk ⊗ yxp−1−k +
p−1∑
k=0
(
p− 1
k
)
yxk ⊗ xp−1−k.
Separating the term (1⊗ yxp−1 + yxp−1 ⊗ 1), this becomes
(1⊗ yxp−1 + yxp−1 ⊗ 1) +
p−1∑
k=1
(
p− 1
k
)
xk ⊗ yxp−1−k +
p−2∑
k=0
(
p− 1
k
)
yxk ⊗ xp−1−k
= (1⊗ yxp−1+ yxp−1⊗ 1) +
p−1∑
k=1
(
p− 1
k
)
d(yxk−1)⊗ yxp−1−k +
p−2∑
k=0
(
p− 1
k
)
yxk ⊗xp−1−k
∼ (1⊗ yxp−1+ yxp−1⊗ 1) +
p−1∑
k=1
(
p− 1
k
)
yxk−1⊗ d(yxp−1−k)+
p−2∑
k=0
(
p− 1
k
)
yxk ⊗xp−1−k
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= (1⊗ yxp−1 + yxp−1 ⊗ 1) +
p−1∑
k=1
(
p− 1
k
)
yxk−1 ⊗ xp−k +
p−2∑
k=0
(
p− 1
k
)
yxk ⊗ xp−1−k
= 1⊗ yxp−1 + yxp−1 ⊗ 1 +
p−1∑
k=1
((
p− 1
k
)
+
(
p− 1
k − 1
))
yxk−1 ⊗ xp−k
= 1⊗ yxp−1 + yxp−1 ⊗ 1 +
p−1∑
k=1
(
p
k
)
yxk−1 ⊗ xp−k
Since in characteristic p one has
(
p
k
)
= 0 for all k = 1, . . . p− 1, the last term is just
1⊗ yxp−1 + yxp−1 ⊗ 1.

Lemma A.2. Let A be a Hopf algebra, and y¯ ∈ A∗ (the dual of A). Then y¯(w) = 0 holds
for every w decomposable, if and only if y¯ is primitive.
Proof. Let Ψ(y¯) = 1 ⊗ y¯ + y¯ ⊗ 1 +
∑
i y
′
i ⊗ y
′′
i . Then Y =
∑
i y
′
i ⊗ y
′′
i = 0 in (A¯ ⊗ A¯)
∗
(where A¯ is the subspace of elements of positive degree), if and only if Y (x′⊗x′′) = 0 for
all x′ ⊗ x′′ ∈ A¯⊗ A¯. But
Y (x′ ⊗ x′′) = Ψ(y¯)(x′ ⊗ x′′) = y¯(x′x′′) = 0
since x′x′′ is decomposable, hence the result. 
The next Lemma, applies to the specific case of Browder’s spectral sequence sEEr(Bk)
of biprimitive Hopf algebras (see Section 6). Notice that, given two triplets of integers
(s, r, k), (s′, r′, k′), with (s, r, k) < (s′, r′, k′) in the lexicographic order, it follows that
the page s′EEr′(Bk′) occurs after the page sEEr(Bk). In this situation, we say that a
subalgebra E′ ⊆ s′EEr′(Bk′) lifts to a subalgebra E ⊂ sEEr(Bk), if there is an algebra
isomorphism φ : E → E′ such that every x ∈ E represents φ(x).
Lemma A.3. Given two triplets of integers (s, r, k) < (s′, r′, k′) in the lexicographic
order, the algebra s′EEr′(Bk′) lifts to a subalgebra E ⊂ sEEr(Bk), such that primitive
elements of even degree lift to primitive elements.
Proof. Let Es′,r′,k′(m) ⊆ s′EEr′(Bk′) be the subalgebra generated by primitive elements
of degree ≤ m. We will show that for any m, there are lifts of Es′,r′,k′(m) to subalgebras
Es,r,k(m) of sEEr(Bk), such that Es,r,k(m) ⊆ Es,r,k(m + 1) and so that the lifts are
compatible with the inclusions.
We will prove this by induction:
• If s′ > 0, then s′−1EEr′(Bk) is isomorphic to
I⊗
i=1
(Λ(yi)⊗ Zp[xi]/(x
p
i ))⊗
J⊗
j=1
(
Λ(uj)⊗ Zp[vj ]/(v
p
j )
)
⊗Q
and s′EEr′(Bk) is isomorphic to
I⊗
i=1
Λ([yix
p−1
i ])⊗
J⊗
j=1
Λ([ujv
p−1
j ])⊗Q.
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By the explicit shape of these algebras, it is clear how to lift s′EEr′(Bk′) to
s′−1EEr′(Bk), and in particular any Es′,r′,k′(m). Notice that primitive elements
of even degree must live in the Q factor, hence their lift is again primitive.
• If s′ = 0 and r′ > 0 then, since E0,r′,k′(m) ⊆ 0EEr′(Bk′) is nonzero only in
degrees ≤ d for some d, then let s′′ such that s′′EEr′−1(Bk′) is isomorphic to
0EEr′(Bk′) in degrees ≤ d. Then, clearly, E0,r′,k′(m) lifts to a subalgebra of
s′′EEr′−1(Bk′), and, by iterating the point before, it lifts to 0EEr′−1(Bk′).
• If s′ = 0 and r′ = 0 then, again since E0,0,k′(m) ⊆ 0EE0(Bk′) is nonzero only
in degrees ≤ d for some d, then let r′′ such that 0EEr′′(Bk′−1) is isomorphic
to 0EE0(Bk′) in degrees ≤ d. As before, E0,0,k′(m) lifts to a subalgebra of
0EEr′′(Bk′−1) and, by iterating the point before, it lifts to 0EE0(Bk′−1).
Iterating these steps, one can lift Es,r,k(m) to any earlier page. Taking the direct limit
as m→∞, one gets the result. 
Appendix B. Wadsley’s Theorem for orbifolds
B.1. Smooth actions on orbifolds. In order to prove Proposition 4.6 on the existence
of a minimal common period for the geodesics of a Besse orbifold we first need to explain
some properties of smooth actions on orbifolds. We assume that the reader is familiar
with the notion of a smooth orbifold (see e.g. [5]). A map between orbifolds is called
smooth if it locally lifts to smooth maps between manifolds charts [14, Def. 2.6]. A
smooth action of a Lie group G on an orbifold O is a continuous action of G on O that
induces a smooth map G×O → O. If G acts smoothly on O and x ∈ O, then the orbit
map ix : G/Gx → O, [g] 7→ gx, is smooth, a homeomorphism onto its image and all
points on Gx ⊂ O have the same local group [14, Lem. 2.11]. The latter moreover shows
that G/Gx embeds into O as a full suborbifold [5] in the sense that the images of all
lifts of i : G/Gx → O to good manifold charts are invariant, and hence point-wise fixed,
under the actions of local groups (see proof of [14, Lem. 2.11]). In particular, if Γx is the
local group of On at x, then the tangent space of O at x splits as Rk/Γx × TxGx, where
k = n− dim(G/Gx). This splitting is preserved under the action of G and so the normal
bundle ν(Gx) of Gx in O is a Rk/Γx-bundle over G/Gx.
B.2. Proof of Wadsley’s theorem. The geodesic flow induces a smooth R-action on
the unit sphere bundle T 1O of a Besse orbifold O which is itself an orbifold. The orbits
of this action are geodesics with respect to the natural (Sasaki) metric on T 1O, they
project to the geodesics on O with the same arc-length parametrization and the same
period, and all the geodesics on O can be obtained in this way (cf. [3, Ch. 1.K]). In the
manifold case a theorem by Wadsley says that an R-action with these properties factors
through an S1-action [41], see also [3, Appendix A]. We are going to argue that the same
statement and its conclusion holds in the present setting of orbifolds. In the manifold
case the proof involves a local analysis of Poincaré return maps. In order to have the
same tool available in the orbifold case we first prove the following statement.
Lemma B.1. Let ϕ : R × On → On be a smooth action on an orbifold O and suppose
that L is a periodic orbit. Then there exists a small neighborhood W of L in O which is
26 AMANN, LANGE, AND M. RADESCHI
covered by a manifold p : M → W such that the restriction of p to the preimage of L in
M is a homeomorphism.
Proof. According to our discussion in Section B.1 the normal bundle ν(L) of L in O
is an Rn−1/Γx-bundle over S
1 where Γx is the local group of a point on L. Using the
exponential map we find a small neighborhood W of L in O diffeomorphic to ν(L). We
identify W and ν(L) via this diffeomorphism. Let W¯ be the universal covering of W as a
topological space with a smooth orbifold structure induced formW so that W¯ →W is also
a covering of orbifolds. Since W is homotopy equivalent to S1 the deck transformation
group of the covering W¯ → W is isomorphic to Z and by construction it acts transitively
on the fibers, i.e. the covering is normal. The space W¯ is an Rn−1/Γx-bundle over R
and, in fact, it as a trivial bundle. In this case this can for instance be seen by lifting the
induced R-action dφ : R × ν(L) → ν(L) to W¯ . In particular, its orbifold fundamental
group is isomorphic to Γx. Moreover, it shows that the universal (orbifold) covering W˜
of W is Rn−1 ×R. Let Γ be the deck transformation group of the covering W˜ →W and
let N be its subgroup isomorphic to Γx corresponding to the covering W˜ → W¯ . Since
the covering W¯ → W is normal, the subgroup N is normal in Γ and the quotient Γ/N
is isomorphic to Z, the deck transformation group of the covering W¯ →W . This implies
that Γ is a semidirect product N ⋊H of N with an infinite cyclic subgroup H of Γ. Since
H does not have finite subgroups, it acts freely on W˜ and so M = W˜/H is a manifold.
By construction the group N leaves the preimage of L in W˜ point-wise fixed. It follows
that the induced covering p : M → W restricts to a homeomorphism on its preimage of
L. This completes the proof of the lemma. 
In the situation of the preceding lemma the vector field on W induced by the R-action
lifts to a vector field on M whose local flow covers the flow on W . A small disk D
transversal to the periodic orbit L in W at a point x is covered by a small disk Dˆ in M
transversal to the homeomorphic lift Lˆ of L inM . InM we can find a smaller disk Eˆ ⊂ Dˆ
centered on Lˆ for which a smooth Poincaré map θˆ : Eˆ → Dˆ with smooth return time
τˆ : Eˆ → R is defined, cf. [3, A.14]. Setting E = p(Eˆ) we then obtain a smooth Poincaré
map θ : E → D covered by θˆ whose first return time τ : E → R satisfies τ ◦p = τˆ and so is
smooth as well. Let i > 0 and suppose that Eˆ is sufficiently small so that θˆi|Γx| : Eˆ → Dˆ
and θi : E → D are defined. Then a preimage in Eˆ of a fixed point y ∈ E of θi is a fixed
point of θˆi|Γx|.
Now we explain the proof of the orbifold version of Wadsley’s result which implies our
Proposition 4.6.
Proposition B.2. Let ϕ : R × O → O be a smooth action on an orbifold such that all
orbits are periodic geodesics parametrized by arclength by the action. Then the R-action
factors through an S1-action, i.e. all orbits have a minimal common period.
Proof. We only explain those parts of the proof in detail that require modifications com-
pared to the proof in the manifold case given in [3]. Otherwise we refer to [3] for the
details. We follow the notation from [3]. Let ̺ : O → R be the function that assigns
to a point x ∈ O the length of the orbit through x. The function ̺ is not necessarily
locally bounded. However, if the orbit of a point x0 ∈ E (notation as in the preceding
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paragraph) defined by xi = θ
i(x0), i > 0, remains in E for every value of i, then we have
the following relation. Since the periodic orbit through x meets E only a finite number
of times, the θ-orbit of x is finite, say of order n(x), we have
(5) ̺(x) =
n(x)−1∑
i=0
τ(xi).
Since the local analysis using Poincaré maps is available in the orbifold setting, the
following statement can be proven verbatim as in the manifold case, see [3, Prop. A.17].
Proposition B.3. Let L be a fixed orbit of length λ. Let k > 0 and ε > 0 be given. Then
there is a neighborhood U of L such that if x ∈ U and ̺(x) ≤ k, then
(i) for some integer i with 0 ≤ i ≤ ⌊k/λ⌋ + 1 < ε we have |̺(x)− iλ| < ǫ and
(ii) the orbit through x lies in an ε-neighborhood of L.
Using this proposition the following corollary is proven in the same way as in [3,
Cor. A.18].
Corollary B.4. The function ̺ is lower semicontinuous. If N is any compact subset of
O, then the set V of points of continuity of ̺|N is an open subset of N . If N is locally
compact, then V is dense in N .
Now suppose that ̺ is bounded by some k > 0 in a neighborhood of an orbit L through
a point x. Then as in [3, A.19] one can apply Proposition B.3 to find a small Poincaré
disk E′ centered at x with θ(E′) = E′. Since ̺ is bounded by k on E′ the orders of the
θ-orbits are bounded by some m. For such an m the composition θm! is the identity on
E′. The map θ : E′ → E′ is covered by a diffeomorphism θˆ : Eˆ′ → Eˆ′ of finite order of a
disk Eˆ′ in M . Using this cover the argument from [3, A.20] shows that the set of points
in E′ whose θ-orbit has the same order as θ, say r, is open and dense in E′. Therefore,
equation (5) shows that the function α(x) = lim supy→x ̺(y) satisfies
(6) α(x) =
r−1∑
i=0
τ(θix)
for x ∈ E′. Since α is invariant under the flow, this shows that α is smooth in a
neighborhood of L. Moreover, if X denotes the vector field defined by the R-action on O,
then the flow of the vector field X/α in a neighborhood of L factors through an S1-action.
Hence, in order to prove the proposition, it suffices to show that α is constant on O.
Set B1 = {x ∈ O | ̺ is unbounded in every neighborhood of x} and write ϕt(x) for
ϕ(t, x). By continuity we have ϕα(x)(x) = x for all x ∈ O\B1. Let γ : (−1, 1) → O be a
smooth path with γ(0) = x and consider the one-parameter family of geodesics defined
by
(s, t) 7−→ ϕtα(γ(s))(γ(s))
for t ∈ [0, 1]. For fixed s the length of this geodesic is α(γ(s)). On the other hand, the first
variation formula, which also works for orbifolds, implies that this length is independent
of s. This implies that α is locally constant on M\B1. Hence, in order to prove the
proposition, it suffices to show that B1 is empty.
28 AMANN, LANGE, AND M. RADESCHI
The proof of B1 = ∅ is an application of a theorem by Newman and works by con-
tradiction. Since Newman’s theorem only applies to manifolds the proof in the orbifold
case has to be slightly refined as follows compared to the proof in [3, p. 220]. Let
B2 = {x ∈ B1 | ̺|B1 is not continuous at x}. Corollary B.4 implies that B1 is closed and
has void interior in O and that B2 is closed with void interior in B1. Let x ∈ B1\B2 and
let U be a connected open neighborhood of x which is a quotient of a manifold chart by
the local group Γx, which is disjoint from B2 and such that
(7) |̺(u)− ̺(v)| < ̺(w)/8 for u, v, w ∈ U ∩B1.
Such an U exists since ̺ is lower semicontinuous on O and its restriction to B1 is contin-
uous on B1\B2. Let V be a component of O\B1 which meets U and such that
(8) c > 3|Γx|̺(x), where α|V ≡ c.
By continuity the restriction of the time c flow map ϕc to V¯ is the identity, and by
definition of V we have ∂V ⊂ B1. Moreover, we have
(9) int(V¯ ) = V.
Since U is connected and meets B1, there is a point y ∈ U ∩ ∂V . By standard orbifold
theory the order of Γy divides the order of Γx. Since ϕc(y) = y, there is an integer k such
that c = k̺(y). By (7) and (8), k ≥ 2|Γy|.
Let p : M → W be given by Lemma B.1 applied to the periodic orbit L through y.
Set V ′ = p−1(V ∩W ) and let yˆ ∈ M be a preimage of y. Let Dˆ be a small open disk
of codimension one with p(Dˆ) ⊂ U , transverse to the orbit through yˆ and with center yˆ.
Let Eˆ be a smaller concentric disk on which θˆi is defined for 1 ≤ i ≤ k!|Γy|, with each
θˆiEˆ ⊂ Dˆ. By lower semicontinuity of ̺ and the fact that ϕc is the identity on V¯ we can
assume that the restriction of θk! to p(Eˆ)∩ V¯ is the identity. Then also the restriction of
θˆk!|Γy| to Eˆ ∩ V¯ ′ is the identity. It follows as in [3] that there exists an open, connected
and Γy-invariant neighborhood J of yˆ in E with
θˆ(J ∩ V¯ ′) = J ∩ V¯ ′.
We define ψ : J → J by ψ(z) = θˆ|Γy|(z) for z ∈ J∩ V¯ ′ and ψ(z) = z otherwise. By (7) the
restriction of θ to p(Eˆ)∩∂V is the identity. Hence, also the restriction of θˆ|Γy| to Eˆ∩∂V ′
is the identity and so the map ψ is continuous. Since ψk! = id, ψ is a homeomorphism
of finite order. Since k ≥ 2|Γy|, ψ is not the identity on J ∩ V
′. By Newman’s theorem
J ∩ V ′ is dense in J . Since p is open, it follows that V is dense in a neighborhood of y,
and hence ϕc is the identity in a neighborhood of y. This contradicts the fact that any
neighborhood of y contains points from B1, because of y ∈ ∂V and (9). The proof is
complete. 
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